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Gurtin recently proposed a strain-gradient theory for crystal plasticity in which the gradient
effect originates from a defect energy that characterizes energy storage due to the presence of a
net Burgers vector. Here we consider a number of different possibilities for this energy:
speciﬁcally, working within a simple two-dimensional framework, we compare predictions of
the theory with results of discrete-dislocation simulations of stress relaxation in thin ﬁlms. Our
objective is to investigate which speciﬁc defect energies are capable of capturing the size-
dependent response of such systems for different crystal orientations.
r 2005 Elsevier Ltd. All rights reserved.
Keywords: Dislocations; Crystal plasticity; Non-local plasticity1. Introduction
Plastic deformation in conﬁned geometries at the (sub-) micrometer scale is almost
always size dependent, albeit for different reasons (see e.g. Hutchinson, 2000;
Needleman, 2000). Possible sources are plastic strain gradients associated with the
presence of a net Burgers vector in the dislocation distribution, and hence thesee front matter r 2005 Elsevier Ltd. All rights reserved.
.jmps.2005.02.001
nding author. Tel.: +3150 363 8047; fax: +31 50 363 4886.
dress: E.van.der.Giessen@rug.nl (E. Van der Giessen).
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ﬂow through lattice curvature and through back stress.
Discrete-dislocation plasticity accounts for these phenomena in a natural manner.
Standard continuum plasticity does not, but various strain-gradient plasticity
theories have been formulated, including single-crystal theories, e.g. Aifantis (1992),
Gurtin (2002), Svendsen (2002), and Gudmundson (2004). The formulations of those
theories differ, but some share the property that they explicitly use a free energy that
depends on the net Burgers vector, e.g. Gurtin (2002) and Svendsen (2002). This
dependence is constitutive, and there are no guidelines other than objectivity,
material symmetry and physical insight.
In the present paper, we discuss these issues for the example of the Gurtin
(2002) theory and focus on the gradient effect in thin ﬁlms caused solely by
the net Burgers vector of dislocations. Previous results of discrete-dislocation
simulations (Nicola et al., 2003, 2005) are considered as numerical data to ﬁt
the constitutive moduli appearing in Gurtin’s theory. Different expressions for the
defect energy in Gurtin’s theory are proposed and discussed in the light of their
capability to capture the size-dependent response of single-crystalline ﬁlms at
different crystal orientations. The ﬁndings are supplementary to a similar
comparison by Bittencourt et al. (2003) in aiming to assist in the further development
of the theory.2. Basic equations of Gurtin’s theory
The theory (Gurtin, 2002) is meant to characterize single crystals undergoing
plastic ﬂow resulting from slip on speciﬁed slip systems. Here we restrict attention to
the rate-independent material response, neglecting changes in geometry.
The theory is based on the standard crystalline decomposition




of the displacement gradient =u into elastic and plastic parts, He and Hp; where gðbÞ
represents the slip on slip system b: The Schmid tensor SðbÞ has the form
SðbÞ ¼ sðbÞ  mðbÞ; jsðbÞj ¼ jmðbÞj ¼ 1; sðbÞ ? mðbÞ, (2)
where sðbÞ is the slip direction and mðbÞ is the slip-plane normal, both constant in
space and time.
The governing equations—derived from a formulation of the principle of virtual
work that allows for microstress ﬁelds pðbÞ and nðbÞ; respectively, work-conjugate to
slips gðbÞ and slip gradients =cðbÞ—consist of the classical equilibrium condition
divr ¼ 0, (3)
supplemented by the microforce balance
div nðbÞ  pðbÞ þ tðbÞ ¼ 0; tðbÞ ¼ SðbÞ 	 r. (4)
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work leads to the free-energy inequality
_c r 	 _ee 
X
b
ðnðbÞ 	 =_gðbÞ þ pðbÞ _gðbÞÞp0, (5)
where c is the free energy (per unit volume) and ee; the elastic strain, is the symmetric




ee 	Cee þCD (6)
with strain energy augmented by a defect energy CD; which we assume to be
quadratic in the slip-gradients =gðbÞ: Here C is the standard fourth-order tensor of
elastic moduli, which, assuming elastic isotropy, we express in terms of Young’s
modulus E and Poisson’s ratio n:
Guided by the classical theory and by the free-energy inequality (5), r; nðbÞ and pðbÞ
are presumed given by the constitutive equations
r ¼ Cee; nðbÞ ¼ qCD
q=gðbÞ
; pðbÞ ¼ jðbÞ sgn _gðbÞ, (7)
in which slip-system hardening, as described by the internal variables jðbÞ; is here




H0j_gðkÞj; jðbÞjt¼0 ¼ p0 (8)
with p0 being the initial yield strength.3. Macroscopic defect measures in plane strain
With a view toward comparison with two-dimensional discrete-dislocation
simulations, we henceforth restrict attention to plane strain, with deformation
occurring in the ðx1; x2Þ plane, so that e3 is the out-of-plane direction.3.1. Burgers vector
The macroscopic Burgers vector is characterized by the Burgers tensor




 mðaÞÞ  sðaÞ, (9)
which, because here we restrict attention to plane strain, has the simple form
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qðbÞF ¼ sðbÞ 	 =F. (11)
Thus G may be viewed as representing an edge dislocation with Burgers vector g in
the ðx1; x2Þ plane and line direction e3: The Burgers vector resolved on slip system b
has the form




where SðbkÞ is the slip-interaction coefﬁcient
SðbkÞ ¼ sðbÞ 	 sðkÞ. (13)
3.2. Pile-up fields
We view qðbÞgðbÞ (no sum over b!), as a macroscopic measure of the pile-up of
dislocations on b:
For double-slip there is a one-to-one correspondence between the pile-up ﬁelds
qðbÞgðbÞ and the Burgers vector, since, by Eq. (10),
g 	 sð1Þ ¼ qð1Þgð1Þ þ Sð12Þqð2Þgð2Þ; g 	 sð2Þ ¼ Sð12Þqð1Þgð1Þ þ qð2Þgð2Þ. (14)
Because of this correspondence, the pile-ups can be expressed in terms of the
resolutions g 	 sðbÞ:
½1 ðSð12ÞÞ2qð1Þgð1Þ ¼ g 	 sð1Þ  Sð12Þg 	 sð2Þ,
½1 ðSð12ÞÞ2qð2Þgð2Þ ¼ g 	 sð2Þ  Sð12Þg 	 sð1Þ. ð15Þ
When there are more than two slip systems there is no such correspondence: while
the pile-ups determine the Burgers vector via Eq. (10), the Burgers vector cannot
uniquely determine the pile-ups. In fact, it is possible that a set of pile-ups, not all
zero, correspond to a null Burgers vector.
4. Defect energies
We now discuss various speciﬁc choices for the defect energy. Throughout this
discussion the constant ‘40 represents a constitutive length scale, generally different
for each energy function.
4.1. Burgers-vector energies
We consider the following speciﬁc defect energies, here listed together with their
associated microstresses.(i) Isotropic energy (cf. Gurtin, 2002):

















kðbbÞ ¼ 1 all b; kðbkÞ ¼ k; bak, (18)
where k is a constant constitutive modulus. The presence of the factor SðbkÞ
ensures that CS be invariant to all symmetry transformations of the two-











The energy CS according to Eq. (17) will be referred to as the S energy, and CS0
according to Eq. (19) as S0 energy.4.2. Pile-up energy







ðqðbÞgðbÞÞ2; nðbÞ ¼ ‘2p0qðbÞgðbÞsðbÞ. (20)
Unlike energies dependent on the Burgers vector, the microstress for the pile-up
energy does not couple the individual slip systems.




¼ ðg 	 sð1ÞÞ2 þ ðg 	 sð2ÞÞ2  4S
ð12Þ
1þ ðSð12ÞÞ2 ðg 	 s
ð1ÞÞðg 	 sð2ÞÞ, ð21Þ
and hence that the pile-up energy is a special case of Eq. (17), albeit with a different ‘:5. Summary of DD results for single crystal thin ﬁlms on a substrate
The problem of a thin ﬁlm on a semi-inﬁnite substrate subjected to thermal
loading as illustrated in Fig. 1 has been studied using discrete-dislocation (DD)
simulations by Nicola et al. (2003, 2005).
A quasi-static monotonic thermal loading is imposed by cooling the ﬁlm–substrate
system from an initial temperature T0; at which ﬁlm and substrate are stress free and
















Fig. 1. Geometry of the ﬁlm–substrate problem studied in this paper. A unit cell of width w is analyzed
and the height of the substrate is taken large enough to represent a half-space.
L. Nicola et al. / J. Mech. Phys. Solids 53 (2005) 1280–1294 1285mismatch between the thermal-expansion coefﬁcient of ﬁlm ðaf Þ and substrate ðasÞ;
stress develops in the ﬁlm; tensile for af4as: After an initial elastic response,
dislocations nucleate in the ﬁlm and partially relax the stress in the ﬁlm by gliding on
three sets of parallel slip planes. We focus on two crystal orientations: f60 ¼
ð0; 60; 120Þ and f30 ¼ ð30; 90; 150Þ:
Results obtained for three different ﬁlm thicknesses—h ¼ 1; 0.5 and 0:25mm—
show that the average in-plane stress in the ﬁlms is dependent on the ﬁlm thickness.
Results also show that hardening depends on crystal orientation: relaxation in ﬁlms
with orientation f30 is higher than that in ﬁlms with slip planes oriented f60:
Moreover, the size effect is more evident for the f60 orientation.
In both crystal orientations, the size dependence originates from the large stress
gradient at the ﬁlm–substrate interface, caused by dislocation pile-ups. Instead of a
uniform stress distribution across the ﬁlm height, as in the elastic state or according
to classical local plasticity, the stress increases as the interface is approached, see
Fig. 2a for f30 and Fig. 3a for f60: The vertical lines in these ﬁgures indicate the
average stress in each ﬁlm, hs11if : This data is tentatively ﬁtted in Figs. 2b and 3b to
power laws of the form s11 / hp: Since different values of p are needed to ﬁt the
data, this type of power law seems inappropriate.6. Closed-form solution of the thin ﬁlm problem
We simplify the three-slip system model used in the DD simulations (Fig. 1) to one
with only two slip systems. In the f60 orientation, the slip plane parallel to the
interface is hardly active and is therefore ignored. For the same reason, the 90 slip
plane in the f30 orientation is not considered in the application of the continuum
theory. Thus, we consider the crystal to be oriented for symmetric double slip



































Fig. 3. DD results for f60 (Nicola et al., 2003). (a) Proﬁles across the ﬁlm thickness of the in-plane stress in
the ﬁlms averaged along x1: (b) Average ﬁlm stress versus ﬁlm thickness with data points being ﬁtted to a

































0.25 0.5 0.75 1
(a) (b)
Fig. 2. DD results after cooling by 200K for the crystal orientation with f30 (Nicola et al., 2003). (a)
Proﬁles across the ﬁlm thickness of the in-plane stress in the ﬁlms averaged along x1: (b) Average ﬁlm
stress versus ﬁlm thickness: data points are ﬁtted two-by-two to a power law of the form hs11if / hp:
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sð1Þ ¼ cosfe1 þ sinfe2; mð1Þ ¼  sinfe1 þ cosfe2, (22)
sð2Þ ¼  cosfe1 þ sinfe2; mð2Þ ¼  sinfe1  cosfe2. (23)
We consider traction-free, macroscopic conditions at the top of the ﬁlm,

















Fig. 4. Geometry of the thin ﬁlm problem in symmetric double slip.
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ﬁlm top, where dislocations can freely leave the ﬁlm, and the micro-clamped
condition at the ﬁlm–substrate interface, where slip cannot occur, i.e.
nix
ðbÞ
i ðx1; hÞ ¼ 0; gðbÞðx1; 0Þ ¼ 0. (25)
Since the ﬁlm is inﬁnitely long in the x1-direction and initially homogeneous, the
solution depends only on x2: With all stress components independent of x1;
equilibrium together with the macroscopic boundary conditions Eq. (24) requires
that s12 ¼ s22 ¼ 0 throughout the ﬁlm. The elastic solution is a spatially uniform
ﬁeld s11ðx2Þ ¼ const.; so that yield takes place uniformly in the crystal when tðbÞ ¼
jp0j on both slip systems, with
tð1Þ ¼ tð2Þ ¼ 1
2
s11 sin 2f  t. (26)
Because of the double-slip orientation and symmetry,
gð1Þ ¼ gð2Þ  g, (27)
where it is expected that gX0 since tX0 if the ﬁlm is in tension.
Because of Eq. (27), the yield conditions on the two slip systems lead to a
single differential equation for gðx2Þ: The time derivative of this equation has the





, (28)(ii) for the S energy (Eq. (17)),
d2 _g
dx22
¼  _s11ð1þ k cos 2fÞ‘2p0 2 sin 2f cos2 f
, (29)
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dx22
¼  _s11 cotf
‘2p0
, (30)where ‘ may vary between the three energy types. The stress ﬁeld s11ðx2Þ is
nonuniform and unknown at this stage. Because of symmetry and because strain-
rate components do not depend on x1; _11 must be uniform throughout the ﬁlm. The
total strain splits up into an elastic part, a plastic part and a thermal part given by
Tij ¼ ð1þ nÞaDTdij (where the factor ð1þ nÞ is a consequence of the plane strain
formulation). Considering that the substrate expands by 11 ¼ ð1þ nÞas _T ; compat-
ibility of deformation between the ﬁlm and the substrate requires that _11 is the same
and uniform throughout the ﬁlm. Hence,
ð1þ nÞas _T ¼ _e11 þ _p11 þ ð1þ nÞaf _T , (31)
so that
ð1þ nÞðas  af Þ _T ¼
ð1 n2Þ
E
_s11 þ _g sin 2f. (32)
Eliminating _s11 by means of Eq. (28), we obtain the following ordinary second-order
differential equation for _g:
d2 _g
dx22
 l2 _g ¼ F , (33)
with constant coefﬁcients l and F given through
l2 ¼ Eð1 n2Þ‘2p0f ðfÞ
; F ¼ Eðas  af Þ
_T
ð1 nÞ‘2p0 sin 2ff ðfÞ
. (34)
Here, f ðfÞ is a function of orientation f which, depending on the energy considered,
takes the following forms:(i) for the isotropic energy (Eq. (16)),
f ðfÞ ¼ 1, (35)(ii) for the S energy (Eq. (17)),
f ðfÞ ¼ ð1þ k cos 2fÞ2 cos2 f, (36)(iii) for the pile-up energy (Eq. (20)),




L. Nicola et al. / J. Mech. Phys. Solids 53 (2005) 1280–1294 1289Dependence on the dissipative hardening modulus H0 was found to be so weak that
the solution is here given for1
H0 ¼ 0.




½1 cosh lx2 þ tanh lh sinh lx2, (38)
where, for all energies,
F
l2




Substituting Eq. (38) back into Eq. (32), we ﬁnd a linear relation between _s11 and _T ;
which, after integration from the onset of yield (at temperature TyoT0) to the
current temperature T, gives




1 n ðaf  asÞðTy  T0Þ; sn ¼ 
E
1 n ðaf  asÞðT  T0Þ, (41)
respectively, are the (uniform) ﬁlm stress at the onset of yield (at temperature Ty)
and the stress in the absence of plasticity. The solutions for the different defect
energies differ only through the f dependence of l:7. Comparison of the gradient theory with DD simulations
The closed-form expression for the stress distribution (40) can be readily
integrated over the ﬁlm thickness to give the ﬁlm-average stress as a function of h.
The solution depends on the values of a number of material parameters. For the
elastic constants, we take the characteristic values for aluminum (E ¼ 70GPa and
n ¼ 0:33) adopted in the DD simulations presented in Section 5, and the same
coefﬁcients of thermal expansion. The initial shear strength p0 is taken from the DD





(Nicola et al., 2003). Yield in the DD simulations is determined by the strength of the
weakest dislocation source. The values of the source strengths in the simulations
were chosen out of a Gaussian distribution with average tnuc ¼ 25MPa and a
standard deviation of 5MPa:1The modulus H0 has no direct counterpart in the DD simulations, because the ﬁlm barely hardens in
tension when not on a substrate (see Nicola et al., 2005). Moreover, the exact solution when generalized to
H0a0 turns out to be essentially independent of H0 for H0o100MPa:
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For the isotropic energy, the only free parameter is the length scale ‘
originating from Eq. (16). It is clear from Eq. (40) that the DD results for the
two crystal orientations cannot be ﬁtted using a single value of the material
parameter ‘: the equation depends on f only through sin 2f; which is the
same number for f ¼ 60 and 30: A value of ‘ ¼ 1:8mm gives a hs11if–h curve
which agrees quite well with the DD data points in the case of f30; as shown in Fig.
5b. We tried, without success, to ﬁnd a value of ‘ giving a similar ﬁt to the hs11if–h
dislocation data for the slip plane orientation with f60: Fig. 6b shows three curves
for ‘ ¼ 2; 3 and 4mm; each of them agreeing only with the DD data for a single
particular thickness h. Figs. 5a and 6a show the stress proﬁles across the ﬁlm height
according to Eq. (40), which indeed exhibit a stress gradient. Another noteworthy
feature of the solution is that the stress at the ﬁlm–substrate interface is independent
of h, and equal to the elastic stress sn; Eq. (41). Fig. 7, ﬁnally shows the
stress–temperature curves given by solution (40), which reinforces the difﬁculties in
obtaining a good ﬁt for f60:
7.2. The S0 defect energy
The solution for this energy also has only the length scale ‘ as a free material
parameter. For ‘ ¼ 1:5 mm; it is possible to ﬁt the DD results for the f30 orientation,
but the solution for the same material length scale for the orientation f60 does not
match the DD results. The curves in Fig. 8 show an opposite trend with respect to
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Fig. 5. Predictions using the isotropic defect energy, Eq. (16), for f ¼ 30 with ‘ ¼ 1:8mm at the same
ﬁnal temperature as in Fig. 2. (a) Proﬁles of the in-plane stress across the ﬁlm thickness. Vertical lines
indicate the average stress in the ﬁlms, which are plotted in (b) as a function of ﬁlm thickness h (scaling
behavior hs11if / tanh lh=lh). Square symbols indicate the data points from the DD simulations.
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Fig. 6. Predictions using the isotropic defect energy, Eq. (16), for f ¼ 60 at the same ﬁnal temperature as
in Fig. 3. (a) Proﬁles of the in-plane stress across the ﬁlm thickness with ‘ ¼ 1:8mm: (b) The average ﬁlm
stress as a function of ﬁlm thickness h for three values of ‘: ‘ ¼ 2; 3 and 4mm: Square symbols indicate the








































Fig. 7. Film-average stress–temperature curves according to the strain gradient solution Eq. (40) using the
isotropic defect energy, Eq. (16), for (a) f ¼ 30 with ‘ ¼ 1:8mm and (b) for f ¼ 60 with ‘ ¼ 4mm:
Square symbols indicate the stress at ﬁnal temperature in the DD simulations, as shown also in Figs. 2, 5
and 3, 6.
L. Nicola et al. / J. Mech. Phys. Solids 53 (2005) 1280–1294 12917.3. The S defect energy
In this case, with f ðfÞ according to Eq. (36), there is an additional free
parameter, k, beside the material length scale ‘: While positive values of k give
similar trends as the ones obtained with the S0 defect energy, i.e. a smaller size






















Fig. 8. Average stress in the ﬁlms versus ﬁlm thickness h predicted for the S0 defect energy, Eq. (19), for



















Fig. 9. Film-average tensile stress as a function of ﬁlm thickness h for two orientations according to the S
theory for k ¼ 1:8 and ‘ ¼ 4:5mm:
L. Nicola et al. / J. Mech. Phys. Solids 53 (2005) 1280–12941292i.e. in agreement with the DD results. There is no unique set of values for k and ‘;





















Fig. 10. Film-average tensile stress as a function of ﬁlm thickness h for two orientations according to the
pile-up theory for ‘ ¼ 3mm:
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By considering the free energy in the form of the pile-up defect energy, Eq. (20), we
again have only one free material parameter for the ﬁt with the simulations, ‘: Even
though the ﬁt seen in Fig. 10 is not quite as good as the one obtained for the S
energy, there still is a quite good agreement for ‘ ¼ 3mm: It is worth noting that the
S energy reduces to the S0-energy for k ¼ 0; and to the pile-up energy for





cos2 2fÞ ’ 1:5‘P: These relations follow directly from Eq. (21) since Sð12Þ ¼
 cos 2f for this problem. The value ‘P ¼ 3mm corresponds to ‘S ¼ 4:5mm and
k ¼ 1:6: If these values were used in Fig. 9, we would ﬁnd the same ﬁt as in Fig. 10.8. Conclusions
The problem of a thin ﬁlm strained by a large substrate during cooling has been
studied by discrete-dislocation simulations and by strain-gradient theory using a
variety of constitutive equations for the defect energy. The latter vary in the way in
which the slip gradient is assumed to affect the defect energy: either through the
Burgers vector or through the pile-up ﬁeld. Attention has been focused on the
capability of the theory to capture the orientation-dependent size effect in thin ﬁlms
as captured by the simulations. The outcome of the study shows that the isotropic
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general energies. For the limited comparison presented here, the P and S energies
give good results, with the S energy slightly better than the P energy, at the expense
of an extra material parameter.
The difference between the two energy functions is that the S energy depends on
slip-resolved components of the Burgers vector while the P energy depends on pile-
up ﬁelds. In the special case of double slip, the two energies can be made to coincide
by proper choice of the constitutive moduli, but in general, these energy functions
are different. It remains to be seen, for instance, by additional comparisons with
other problems, which of the two energies is the most appropriate for plasticity at
(sub-)micrometer scales.
It is worth noting that according to the discrete-dislocation simulations (Nicola et
al., 2003, 2005) the origin of hardening in the thinnest ﬁlm with f60 is to a large
extent nucleation controlled. In contrast, the strain-gradient theory, like all
phenomenological continuum plasticity theories, is based on the assumption that
dislocations are always available when required for stress relaxation. This is a
possible reason for the ﬁt between theory and discrete-dislocation not being as good
in the f60 orientation as in the f30 orientation.References
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